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PARTIAL REGULARITY FOR HARMONIC MAPS, AND 
\q ■ RELATED PROBLEMS 

o' 

o 

^^ ' Abstract. Via gauge theory, we give a new proof of partial regularity for 

^^ ' harmonic maps in dimensions m > 3 into arbitrary targets. This proof avoids 

QQ ^ the use of adapted frames and permits to consider targets of "minimal" C^ 

fvj , regularity. The proof we present moreover extends to a large class of elliptic 

systems of quadratic growth. 

< 

^ ' 1. Introduction 

-4— > 

In |11| , the first author presented a new approach to the regularity result of Helein 
[7| for weakly harmonic maps in dimension m = 2 where he succeeded in writing the 
harmonic map system in the form of a conservation law whose constituents satisfied 
, elliptic equations with a Jacobian structure to which Wente's ^31 regularity results 

. '^ ' could be applied. 

CO ■ Consider for instance a harmonic map u — {u^, . . . , u") G H^{B; R") from a ball 

^P I _B™ = B C M™ to a hypersurface N C R" with normal v. In this case the harmonic 

^S. ' map equation may be written in the form 

\0'- (1) -Au' =w'Vw^ -Vu^ = [w'Vw^ -w^Vw')-Vu^,l<i<n, 

o 

Cj ' as the essential structure of equation Q ■ 

Interpreting il G L^{B;so{n) A^M") as a connection in the S'0(n)-bundle 
u*TN and following Uhlenbeck's approach the existence of Coulomb gauges |12| . 
/\ ' one succeeds in finding P e H^{B; SO{n)) and ^ G H^{B) such that 

c3 ; (3) p-^dP + p-^np = *di, 

where * is the Hodge dual. If rn = 2, further algebraic manipulations then yield 
the existence oi A,B E H^{B) with 

(4) \\dist{A,SO{n))\\L^ <C\\n\\L2 
such that ^ may be written as 

(5) div{AVu + BV^u) = 0, 

where V^ = *d. By Hodge decomposition one then obtains E and D in W^'^{D^) 
such that 

(6) A\7u = \7D + V^E. 



where w — v ou. The key idea then is to identify the anti-symmetry of the 1-form 

(2) n^^ = {w'dw^ - w^dw'), l<ij <n, 
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From ((SI we see that D and E satisfy the equations 

- AD ^ div(A Vu) = -WB ■ W^u, 

(7) , 
-AE^ curl{AVu) = V-^A ■ Vu, 

which exhibit the desired Jacobian structure. The results in ^ then imply that 
D,E € Wjo'j, {B). Provided that we restrict our attention to a domain where | |r2| |^2 
is sufficiently small, from Ql we conclude that Vu = A^^{\/D + \/^E) e Wl^^{B) 
and u e Wi^^ {B) ^-> C'^{B), which implies full regularity. 

In dimensions to > 3, the harmonic map equation is super-critical in the Sobolev 
space H^{B;M.^) and no regularity result, not even a partial one, can be expected. 
In fact, in 10 the first author constructed examples of weak solutions to (Q in 
H^(B; S'^) for m > S which are nowhere continuous. 

Under the further assumption that the solution u lies in the homogeneous Morrey 
space Lj^'™~ , which sometimes also is denoted as M2' , with 

(8) ll«lli2„„-2= sup l^f \Vu\A<+<x, , 

^1 xeB,r>Q \r"' JB^(x)nB J 

the harmonic map equation (^ becomes critical. More generally, this is true for 
any elliptic system with a nonlinearity growing quadratically in the gradient (see 
[HI). Assumption JHJ is natural in the context of harmonic maps; in fact, it is a 
direct consequence of the geometric stationarity assumption described in Section 
2. Observe that in dimension m — 2 assumption © corresponds exactly to the 
assumption of finite energy and it therefore appears as the natural extension of the 
finite energy condition to higher dimensions. 

Strengthening the assumption that u £ H^{B;M."-) by assuming ((HJ, one might 
then hope to be able to extend the approach described above to the case m > 3. 
However, in order to achieve Q), in dimension m = 2 one crucially uses that by 
Wente's result mentioned above the solution t/j G H^{B^: A^K") of the equation 

r AiP^dfAdg inS™ 

(9) <^ 

[ V = on 95™ 

for given / and g in H^{B^) belongs to L°°. Unfortunately, this result does not 
extend to m > 3 when we replace the assumption f,g £ H^{B"^) by the condition 
that / and g belong to the Morrey space L{"^~ (i?™). Indeed, for m = 3, letting 
f — f^\ and choosing g — -Pr, we have f,g E L{ {B^} and equation © admits a 

unique solution tjj S L{ {B^), but ip ^ L°°. Thus the L°°-bound Q does not seem 
to be available in dimension larger than 2 and the approach outlined above seems 
to fail for this reason. 

However, as we presently explain, J^l - ® in combination with standard tech- 
niques of elliptic regularity theory already suffice to conclude partial regularity, 
directly. In fact, via the gauge transformation P, from ^ we obtain the equation 

(10) -div{P~^Vu) = {P-^VP + P-^QP) ■ p-^Vu = *d^ • p-^du, 
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where the right hand side aheady has the structure of a Jacobian - up to the 
harmless (bounded) factor P^^. Also observe that Vu may be recovered from the 
term P^^'Vu without any difficulty. 

More generally, partial regularity results can be obtained for a large class of 
elliptic systems with quadratic growth that can be cast in the form 

(11) -Am = n-Vu in B 

already considered in ^I]- (I^^ coordinates, equation lfTT]l simply reads — Au' — 

n'^ • Vu^'.) 

Theorem 1.1. For every tti G N there exists e{m) > such that for every fi G 
L^{B™',so{n) (x) A-'^M™) and for every weak solution u G H^{B"^,M.'^) of equation 
(lllfl . satisfying the Morrey growth assumption 

(12) sup (^ f i\yu\' + \n\^)dx] <e{m) , 

x£B,r>a yl~ JBr(x)r\B I 

we have that u is locally Holder continuous in B with exponent < a = a{m) < 1. 

The previous result is optimal, as shown by the standard example of the weakly 
harmonic map u: B^ ^ S^ ^^ M^ with u{x) — x/\x\. We have u G i?^(i?'^,R^) 
and, letting n = (n^^) := {u'du^ - uHu") G L'^{B"^, so{n) ® A^R™), we see that u 
weakly satisfies the equation (|ll|l and the condition 

(13) sup (^ f (|Vup + |f]|2)dx| <+oo . 

xeB,r>0 \r"' - JBr(x)nB ) 

The map u, however, is not continuous at the origin. 



2. Stationary harmonic maps 

For a smooth, compact, oriented fc-dimensional submanifold iV C M" and a ball 

S c M™ let 

(14) H^{B;N) = {u G iJ^(B;R"); u{x) G N for almost every x G B}. 
Recall that a map u G H^(B; N) is stationary if u is critical for the energy 

E{u) = / iVupdx 
Jb 

both with respect to variations of the map u and with respect to variations in the 
domain. 

It follows that u is weakly harmonic; that is, u satisfies the equation 

n—km n—k 

(15) -Au = A{u){Vu,Vu) = ^ ^vi{dvidau,dau)) ^ ^wi{\/wi,Vu) 

1 = 1 Q=l 1=1 

in the sense of distributions, where A is the second fundamental form of N, defined 
via an orthonormal frame field vi, 1 < I < n — k for the normal bundle to N. Again 
we denote as wi = vi o u the corresponding unit normal vector field along the map 
u, and we denote as (•, •) the Euclidean inner product. 
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Moreover, as a consequence of the stationarity condition with respect to varia- 
tions in the domain we have the monotonicity estimate 

(16) r^"'" / \Vu\^dx<R^-"' f \Vu\Ux 

for all balls Bji{xq) C B and all r < i?. 

The following result was obtained by Evans "K" and Bethuel |2]. Note that their 
approach in general requires the target manifold N^ to be of class C^; see |3, 
Theorem 4.3.1 and Remark 4.3.2. As a corollary to our main result Theorem ll.il 
however, we now easily obtain the following generalization of their result to mani- 
folds of class C^ . 

Theorem 2.1. Let N^ C M" he a closed submanifold of class C^ . Let m > 3 and 
suppose u G H^(B"^;N) is a stationary harmonic map. There exists a constant 
Eo > depending only on N with the following property. Whenever on some ball 
Br(xo) C B there holds 

(17) i?2-m j \S/u\^dx<eo, 

JBr{xo) 

then u is Holder continuous (and hence smooth) on -6^/2 (a;o)- 

Proof. As in (^, equation (|15|l equivalently may be written in the form 

(18) -Au' == f7*J' • Vu^ 

where Q, G L^{B; so{n) x A^M") in view of our assumption on TV, with components 



(19) n'^ = ^idx" = ^{w\dwl - wjdwi), l<i,j<n. 

1=1 

Note that lO and (UTjl imply that n belongs to the Morrey space L'^"^^'^{B) with 



||r!||i2,,„-2 = sup r^-™ / \n\''dx 

.2Q^ ^oeS JB,.(xo)nB 



< C sup r^-™ / iVu^ dx < Ceo. 

xoGB J Br(xo)r]B 

The result now is an immediate consequence of Theorem 11.11 D 



3. Proof of Theorem 11.11 

We may assume that condition H12|l is satisfied on B = i?i(0). As in (PI, we 
obtain the existence of a suitable gauge transformation <&, transforming fJ into 
Coulomb gauge by applying the following lemma. The bound H12|l also yields 
corresponding estimates for P and ^. 

Lemma 3.1. There exists P G H^{B;SO{n)) and ^ G H^{B) such that 

(21) p-^dP + p-^nP = *di on B, andS,^0 on dB . 
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Moreover, dP and d^ belong to L^'''"^^(_B) with 

(22) C||dP||i.,„-. + C\m\l.^^-. < Ciiml,.,^.. + \\du\\l..^-.) < Ce{m). 

The proof of this lemma will be given in the next section. 

Recall that a fmiction / G L^{B) belongs to the space BMO{B) if 



(L 



[f]BMO = sup 4- 1/ - fxo.A dx\ < CXD, 

xoeB,r>G \J Br(xo)nB 

where 

JxQ,r "T" / ^^ 

J Br{xa)nB 

denotes the average of / over Br{xo) n B, and so on. By Poincare's inequality, 
moreover, for 1 < p < to any function / G W^'^{B) with df G L'f''"^^^{B) belongs 
to BMO{B) and there holds 

[IYbmo < CIM/IIL.™-. = Bup (r''-" / Idfl'^dx] . 

xo,r>0 y JB,^{xo)nB j 

Applying the gauge transformation P^^ to Vw and observing the identity dP^^ = 
~P^^dPP~^, from 1)11(1 we obtain the equation l(10() . that is 

(23) -div{P^^Vu) = {P-^VP + P-^VLP) ■ p-^Vu = *dC • P^^du. 

Fix a smooth cut-off function r G C^{B) such that 0<r<l,r=lon -81/2(0). 
Multiplying l(^ by r, we obtain the equation 

(24) -div{p-'^\/{uT)) = *d^ • P'^d{uT) - e, 
with "error" term 

(25) e = div{P~^uVT)) + p-'^Vu ■ Vr + *d(, ■ P'^udr. 

Since u G L{™'~ [B) and since m is in L^{B), because of Q, u is in L'p{B) for 
every p < 00. Therefore, a direct application of Holder inequality tells us that u is 
in IjP"^-^ for every p < 00 and for every (5 > 0. Using this last observation and the 
fact that d^ is in L^'™^^, we conclude that 

(26) Vsg[1,2[ V5>0 : \\e\\Ls.m-.-s < 00 . 

We claim that w = ur is Holder continuous in B, provided the bound p2|) holds 
with e(m) > sufficiently small. 

Let Bji{xo) C B and let 

(27) p-^dv = df + *dg + h 

be the Hodge decomposition of P^^dv on Bji{xo), where / G HQ{Bji{xo)) and 
where 5 is a co-closed m — 2-form of class H^{Bij{xo)) whose restriction to the 
boundary dB also vanishes, and with a harmonic 1-form h G L'^{Bfj{xo)); see jHj 
Corollary 10.5.1, p. 236, for the Hodge decomposition of forms in Sobolev Spaces. 
Similar to Q we have the equations (up to sign, which is of no importance in what 
follows) 

- A/ = -div{p-^\/v) = *dC ■ p-^dv - e, 

-Ag = *d{p-^dv) = *{dP-^Adv). 
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Fix a number 1 < p < m/{m — 1) and let q > ?7i be the conjugate exponent with 
l/p + 1/q = 1. Since / = on dBii{xQ), by duahty we have 

(29) ||rf/||Lp<C sup / df-dipdx. 

Here and in the following computations all norms refer to the domain Br^Xq). 
Note that W^'^'iBiiixo)) ^ C^-"'/i{Br{xo)) and for all tp € Wo'«(Sfl(a:o)) with 
ll'/'llwi''' ^ 1 there holds 

(30) ||(^||ioo < Ci?i-™/«||(p||vyi,, < Ci?i-™/«. 
For such If then we can estimate 



df ■ dip dx — — / ^ff dx 

/„-.s JBr{xo) JBr{xo) 

= / d^AP^'^dvip- / epdx = I + II 

Jbr(xo) Jbr(xo) 

as follows. Similar to the approach introduced in [2j, upon integrating by parts and 
using _4_, Theorem II. 1, we have (again up to sign) 

/= / d^AP-^dv^^ [ d^Ad{p-^^){v-v,,,R) 

JBaixo) JBr(xo) 

<C\\di\\LA\d{P-'mLMBMO 

(32) < C\\di\\l.{\\dP\\L2\\^\\L^ + \\d^\\L2)[v]BMO 

< Ci?'"-l-'"/'||d^||i.,„-.(||dP|U.,™-. + \\dip\\L.)[v]BMO 

while (|25|l . combined with 1)26(1 and ((3()|l . for any S > gives the bound 

II = - I eifdx < ||e|Ui(B„(^„))||v3||L~ 

(33) Jbr(xo) 

< C5ff"^i"''||e||ii.™-i-.||v3||L~ < C^i?"-"/'-^ = CsR^'P^^ 
Hence from ((28(1 we conclude that for every 5 > Q there holds 

(34) lld/lliP < CR^'^-^e{m)[v]BMo + CsR^'^-' . 

Similarly, letting s satisfy 1/2 + 1/q + 1/s = 1, by Holder's inequality for an 
arbitrary m — 2 form ip € W^'''^{Bii{xQ), A"^^'^W"-) vanishing on dB and with 
\w^-i < 1 we can bound 



dg ■ dtp dx — ~ I Agi/; dx 

Br(xo) JBnixa) 

(3^) = /" dP-^AdvtP^f dp-^ A dtPiv - v^o,r) 

Jbr(xo) Jbr{xo) 

< C\\dP\\LA\dnLA\v - Vx,.,r\\l^ < Ci?™/P-ie(m)HsMO. 
By duality, we have 

(36) lldglliP = sup / dg ■ k . 

keLi{BR{xo);A"^-'^R'^); ||fe||,<l J Br(xo) 
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Decomposing any k e L''{Br{xo); A^^^M™) a.s k = dip + *dp + 77 with f/; = on 
dB as in |H], Corollary 10.5.1, and recalling that the restriction of g to dBii{xo) 
vanishes, we then arrive at the estimate 



M^IIlp <C sup / dg ■ d'tp 

(37) V'eWi.9(BH(a;o),A'"-2R"); ||d^||,<l Jbh(xo) 

<CR"^/P~h{m)[v]BMO- 

From the Campanato estimates for harmonic functions, as in Giaquinta 6 , proof 
of Theorem 2.2, p. 84 f., we thus conclude that for any r < R there holds 

(38) 

\dv\Pdx< f \h\Pdx+ f {\df\P + \dg\P) dx 

Br{xa) JbAxo) Jb,{xo) 

^^(liT I \h\^dx+ f {\df\P + \dg\P)dx 

^^il^Y I \dv\Pdx+ [ {\df\P + \dg\P)dx 

^^^ JBr{x„) JBhXxq) 

^^(^)" / \dv\P dx + CR"'-Peim)[v]Pgj,jo + <^sR"'-^P, 

^R^ JBHixn) 



$(a;o,r) =rP-'" / \dv\P dx 

JBr-ixo) 

*(i?) = sup $(xo,r). 

£Co,0<r<_R 
sup [<BMO(Bu(xo)) ^ ^*(-R)' 



for any S > 0. Set 



and define 



Then we can bound 



and from H38|l we have 

(39) <I'(xo,r)<c(-) ^xo,R) + C[-) e{m)^{R) + Cs [-) RP~'p. 

Fixing the ratio r/ R — 7 for some number < 7 < 1 to be specified below, 
we pass to the supremum with respect to xq E B and < r = jR < R. With a 
uniform constant Ci from H39|) for any i? > we obtain 

(40) *(7i?) < Ci7P(l + e(m)7-'")*(i?) + Csi"-''' R"'^'' , 

for every S > 0. Now also fix (5 > such that p — p5 > 1. Choosing 7 such that 
(7j^^(p-i)/2 < 2/2, we determine e{m) > so that e{m) < 7™. With a uniform 
constant C we then obtain the estimate 

(41) *(7i?) < 7(P+i)/2^(i?) + CRP-^P < 7(P+i)/2*(i?) + CR 

for all R g]0, 1]. Finally, for R = I and any r g]0,7], letting A: e N be such that 
^k+i ^ ^ ^ ^k ,^^^ iterating as in Giaquinta 6 , proof of Lemma 2.1, p. 86, we 
conclude that 

00 

(42) 7"-P^(r) < ^(7*^) < 7'=(P+i)/2^(l) + Cj''{Y^ y(p-i)/2) < Cr. 
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Hence v £ C^/p{B) and therefore also u G C^/P(i3i/2(0)), as claimed. 

4. Proof of Lemma rm 

For the proof of Lemma ITTl we follow [^, where Uhlenbeck's 112: construction of 
a local Coulomb gauge in Sobolev spaces was generalized to Morrey spaces. Due to 
the fact that the space L^^'™^ defined earlier does not embed into C^ ^ the inverse 
mapping P -^ P^^ is not smooth from the space L^"^^ into itself. In order to 
avoid this difhculty, similar to p[2j we first construct the local Coulomb gauge under 
slightly more stringent regularity assumptions. 

Lemma 4.1. There exists e{m, n) > and C > such that, on B ~ _B™ for every 
a > and every Q, in L^''""^+"(_B, so{rL)) with 

(43) \\Vl\\l2,n^-2<e{n,m) 

there exist P G L^'"^~ "{B; SO{n)) and ^ G LJ'™" "{B, so{n)) such that 

(44) p-^dP + p-^nP = *rf^ on B, and^ = on dB . 
Moreover, dP and d^ satisfy 

(45) |MP||i.,™-.+„ + |Mclli2,™-.+« < q|r!||i..„-.+„ , 

and 

(46) \\dP\\l2,r.-2 + \\dC\\l2,^-2 < C\\fl\\l2,r.-2 < Ce{n,m). 

Proof of Lemma 13.11 Let il be in 7^2, m-2 .^^^^ suppose that ||rj||^2.m-2 < e 
for some number £ > to be fixed below. Although smooth functions are not 
dense in L^-™"^, it is not difficult to show that the mollified forms ils = i^ * xs 
obtained from Q by convoluting Q with a standard moUifyer satisfy the uniform 
estimate ||5l5||i2,m-2 < C||il||i2,m-2. By choosing e > sufficiently small, we can 
then achieve the uniform bound |jri5||j^2,m-2 < e(m,n), where e{m,n) is given in 
Lemma 14.11 to obtain the existence of £^s and Ps satisfying (|44|l , (|45() and (|46|l for 
fls instead of ft. The uniform bound given by (|46|l permits to pass to the limit 
i5 — > in 144|l . and the assertion of Lemma [3.11 follows. O 

Proof of Lemma 14. IL For a > introduce the set 

r QeL^^"^-^+"{B''',so{n)); |lf]||i2,„.-2 < e, and ^ 

Kc ■■= { } 

[ there exist P and ^ satisfying 1331), |(33), ^^ J 

Since clearly O = G W"c' ^^^ ^^* ^"c ^^ ^*^^ empty. The proof therefore will be 
complete once we show that, for e small enough and C large enough, U^q is both 
open and closed in the star-shaped and hence path-connected set 

V^ := {n G L^''''-^+''{B'^,so{n)); \\n\\L2.^-2 < s} . 

The proof of closedness is similar to the proof of Lemma 13.11 given above. To 
see that l^"c i^ open in V", observe that for a > the space Li"^~ em- 
beds continuously into C° and the inverse mapping P —> P^^ from the space 
L'^''^~^^"(B, SO{n)) into itself is smooth. Therefore the argument of ^21 can be 
applied to show that, for sufficiently small e > and sufficiently large C, for ev- 
ery il in U^Q there exists 770 > with the property that for every uj G i2,m-2+a 
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satisfying the bound ||ct;||^2,m-2+c« < ijfi and ||il + uj\\]^2,m-2 < e we can find ^^j and 
P^ in L{"^ ^°'{B,so{n)) and L{^^ ^"'{B, SO{n)), respectively, satisfying (|IHl . 
The openness of l^"c ni&Y be obtained as in ^11 from the following lemma. This 
completes the proof. D 

Lemma 4.2. There exists S > with the following property. Suppose that for 

n G V^ there exist £, G Li''"~^+°(B™, so(n)), P € L'^^"'-'^+°'{B"^, SO{n)) satisfying 

i44}) o.f^d the estimate 

(47) |MC|U2,™-2 + ||dP|U2.„.-2 < 5 . 

Then {4-^ and \4b\j hold for some C independent of fl ^ V" . 

Proof. In view of (|44|l . the 2-form =1=^ satisfies 

A't'C^dp-^ AdP + d{p-^nP) inB, 
(48) 

*^ = on dB 

We decompose *f in two forms *^ = u + v solving, respectively, 

( Au = dP-^ AdP in B 

(49) <^ 

[ u = on dB , 

and 

( Av = d{p-^nP) in B 

(50) I 

\^ V — on dB . 

From ^ , Theorem 2.2, for s G {2 — a, 2} first we obtain the bound 

(51) 1M«1U^--(B) < C||r!|U.,™-.(B) . 

Following the strategy of the proof of Theorem 3.3 in 'B', and estimating the term 
on p.48, 1.2 in [H] 

\\d{u - v)\\l2(Bn(xo)nB) = Mu -v) A{u-v) 

JBR(x„)nB 

= / dp-^ AdPA{u-v) 

(52) JBii{xo)nB 



dp-\P - P,„m) /\ diu - v) 

I BH(xo)r\B 
< \\d{u - v)\\L2(^Bn{xo)nB) \\P\\bAIO{B) \\dP~^\\L^(B,{xo)nB) 

via [1], Theorem II. 1, likewise for s G {2 — a, 2} we obtain that 

\\duh2.,.-.^B) < C\\P\\BMOiB) \\dP\\L2.^-.^B) 
^ ' <C\\dPh2.^-2^B)\\dP\\L^.^-^iB)<CS\\dP\\L2.^-.^B)- 

Combining (|51|l and (|53|) wc then conclude 

(54) ||dC||L=.".-(S) < CS \\dP\\L2.^-s^B) + C \\n\\L2^„.-s^B) ■ 

Moreover, from (|44|l we have 

(55) IMP|U.,™-=(s) < IMCIIl^.."-=(b) + \\nh2.^-.^B) ■ 
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Putting the estimates (|5^ and (|55|l together, upon choosing S > small enough 
we then obtain H45|l and H46|l . The proof is complete. D 
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